A transducer is a system that couples two loads. For example, an electromechanical transducer couples a mechanical force and an electrical voltage. A two-load, nonlinear system can exhibit rich behavior of bifurcation, which can be displayed in a three-dimensional space, with the horizontal plane representing the two loads, and the vertical axis representing the state of the system. In this three-dimensional space, a state of equilibrium at * Corresponding authors. 
Introduction
When a time-independent, nonlinear system is subject to a single load, at a given value of the load, the system may reach no state of equilibrium, one state of equilibrium, or multiple states of equilibrium. As the load changes continuously, the state of the system usually changes continuously, but not always. At particular values of the load, the number of state of equilibrium may change, a phenomenon called bifurcation. Familiar examples include the buckling of a rod under compression, and the necking of a rod under tension [Landau and Lifshitz, 1986; Hill, 1958] . In each of these examples, the system (i.e., the rod) is subject to a single load: the force applied to the rod. The bifurcation behavior of a system is commonly represented in a bifurcation diagram, a plane with one axis being the load and the other axis being a quantity representing the state of the system. This quantity serves as a proxy of the state of the system, and is called the state variable, or state for brevity. The state variable can be the maximum deflection for a buckling rod, and be the total elongation for the necking rod. In the bifurcation diagram, a state of equilibrium of the system under a fixed load corresponds to a point on a curve. The bifurcation diagram of a system may contain a set of such curves. A line of constant load may intersect the curves at no point, one point, or multiple points. Thus, we usually plot the bifurcation diagrams on the force-deflection plane for a buckling rod, and on the force-elongation plane for a necking rod. The bifurcation diagram is topologically stable in that, at any value of the load, the number of states of equilibrium is independent of the choice of the quantity that represents the state of equilibrium, except for some peculiar choices. Such a bifurcation diagram works well for any system of any degrees of freedom, so long as the system is subject to a single load.
For a system subject to two independent loads, the state of equilibrium varies with both loads. The two-dimensional bifurcation diagram is inadequate. Rather, the bifurcation behavior of a two-load system is represented in a three-dimensional space, with the two loads forming the horizontal plane, and a state variable forming the vertical axis. In this three-dimensional space, a state of equilibrium of the system under fixed loads corresponds to a point on a surface, called the behavior surface. A given system may have several such surfaces. A line of constant loads may intersect with the behavior surfaces at no point, one point, or multiple points. The surfaces are topologically stable in that the number of states of equilibrium is independent of the choice of the quantity to represent the state. The bifurcation behavior of two-load systems has been thoroughly studied in the singularity theory, also known as the catastrophe theory [Arnol'd, 1992] . Specifically, the singularity theory proves that the projection of the behavior surfaces to the load plane results in singularity of two types: fold and cusp [Zeeman, 1979] . This projection may be used to design loading paths to avoid or harness the bifurcation.
A transducer is a system that couples two loads. An electromechanical transducer, for example, couples a mechanical force and an electrical voltage. In particular, a dielectric elastomer deforms under both mechanical force and electrical voltage. Attributes of a dielectric elastomer transducer include large deformation, high energy density, low cost, and fast response Brochu and Pei, 2010; O'Halloran et al., 2008] . Applications include actuators [Anderson et al., 2012; Giousouf and Kovacs, 2013] , generators [Chiba et al., 2011; Kaltseis et al., 2014] , and sensors [Mannsfeld et al., 2010; Viry et al., 2014] . In such a transducer, a membrane of dielectric elastomer is sandwiched between two compliant electrodes. An applied voltage decreases the membrane thickness and expands the membrane in area. Such a dielectric elastomer transducer is a nonlinear, two-load system, and can exhibit rich varieties of bifurcation behavior [Goulbourne et al., 2005; Suo, 2010; Zhao and Wang, 2014] . When the membrane is subject to an equal biaxial mechanical force, the force-stretch curve is monotonic. When the membrane is subject to a voltage, the voltage-stretch curve is non-monotonic [Zhao and Suo, 2010; Plante and Dubowsky, 2006] . When the membrane is subject to both a force and a voltage, the response will change from being monotonic to being non-monotonic .
Here we identify the fold and cusp for a dielectric elastomer transducer by a combination of theory and experiment. For a dielectric elastomer membrane under a mechanical force P and an electrical voltage Φ, we choose the stretch λ as the proxy of the state of the system. We represent the bifurcation behavior by a surface in the three-dimensional space, with P , Φ and λ being the axes. We calculate the surface using the theory of ideal dielectric elastomer, and then project the surface to the load plane (P, Φ). Our experimental data agree well with the prediction of the singularity theory.
Theoretical Analysis
This paper studies electromechanical catastrophe using a model system: a circular membrane of dielectric elastomer, subject to a force P and a voltage Φ, undergoing homogeneous and equal-biaxial deformation (Fig. 1) . In the reference state, the membrane is undeformed, with radius R and thickness H. In the deformed state, the radius becomes r and the thickness becomes h. The elastomer is incompressible, so that r 2 h = R 2 H. The deformation is homogeneous and equal-biaxial, so that the in-plane stretches are given by
The mechanical force P is applied through strings attached to the perimeter of the circular membrane, giving the membrane a state of equal-biaxial true stress: Fig. 1 . A membrane of dielectric elastomer is subject to two loads: an equal-biaxial mechanal force applied in the plane, and an electrical voltage applied across the thickness.
The electrical voltage Φ is applied through the thickness of the membrane, giving the membrane a state of true electric field:
We adopt the theory of ideal dielectric elastomer [Zhao et al., 2007] . This theory assumes that the dielectric behavior of the elastomer is liquid like -that is, the true electric field is linearly proportional to the true electrical displacement, and the permittivity ε is a constant independent of deformation. Under these assumptions, the equations of state are [Suo, 2010] 
where W s (λ 1 , λ 2 ) is the density of the Helmholtz free energy associated with the elasticity of the elastomer. Equations (1) and (2) are valid for a membrane of an isotropic and incompressible dielectric elastomer, subject to mechanical stresses in the plane and electric field through the thickness. For more general models of dielectric elastomers, see the review by Suo [Suo, 2010] . The elastomer is a threedimensional network of flexible polymer chains. The elasticity of the elastomer is entropic. Under no external force, each polymer chain coils. Under an external force, the polymer chain uncoils, and the distance between the two ends of the chain increases. As the polymer chain straightens, the end-to-end distance approaches the contour length of the chain, and the elastomer stiffens steeply. This stretch-stiffening effect markedly affects the electromechanical instability of dielectric elastomer [Zhao and Suo, 2010] . To represent this stretch-stiffening effect, here we adopt the Gent model [Gent, 1996] :
where µ is the shear modulus and J lim is a constant related to the limit of extension.
Inserting (3) into (1) and (2) we obtain that
This equation relates the three variables: the stretch λ, the mechanical force P , and the electrical voltage Φ. We can fix one variable and plot the relation between the other two. We first fix the force P and plot the voltage-stretch relation ( Fig. 2(a) ). A fixed force P sets a value of the prestretch, which for each curve is read from the intersection of the curve and the horizontal axis. The voltage-stretch curves start from this prestretched state as ground state. This loading condition can be found in some designs of actuators [Anderson et al., 2012; Giousouf and Kovacs, 2013] . When the force P is fixed at a small value, the voltage-stretch curve is N -shaped, going up, down, and up again. This behavior has been reported before [Zhao et al., 2007; Zhao and Suo, 2010] . The peak of the curve is a point of bifurcation. For fixed values of the force P and voltage Φ, three states of equilibrium exist when the voltage is slightly below the peak, but only one state of equilibrium exists when the voltage is above the peak. As the voltage increases continuously, upon crossing the peak, the stretch will snap horizontally, and stabilize in a state where stiffening effect prevails. Accompanied by the snap-through instability, the membrane will greatly decreases thickness and expands area, and often fails by electrical breakdown. When the fixed force is large, the voltage-stretch curve becomes monotonic. In designing an actuator to improve the maximum actuation strain, one may choose to avoid or harness this electromechanical instability Keplinger et al., 2012; Wang et al., 2016] . Next we fix the electrical voltage and plot the force-stretch relation (Fig. 2(b) ). A fixed voltage Φ also sets a value of the prestretch, but all the initial prestretches are close to 1, too small to be identified in Fig. 2(b) . For example, at the normalized voltage 0.4, the prestretch is about 1.03. The force-stretch curves start from the prestretched state as ground state. This loading condition can be found in a cycle of a dielectric elastomer generator [Koh et al., 2009; Kaltseis et al., 2011; Huang et al., 2013; . When the fixed voltage is low, the force-stretch curve is monotonic. In particular, when the voltage is zero, the force-stretch curve recovers that obtained in a pure mechanical tensile testing. As the fixed voltage increases, the force-stretch curve becomes discontinuous but globally N -shaped. At a high fixed voltage, as the applied force increases to the peak, the stretch undergoes snap-through instability.
In the third case, we fix the stretch and plot the force-voltage relation (Fig. 2(c) ). As voltage increases, the force monotonically decreases. This conclusion is readily seen in Eq. (4). The changes in the force and the stiffness of the membrane can be used in active vibration control and sound absorption [Heydt et al., 2000; McKay et al., 2010] .
Equation (4) relates the proxy of state λ to the two loads P and Φ. We plot this equation as the behavior surface in a three-dimensional space, with λ being the vertical axis (the state of the system), and with the normalized P and Φ being the axes of the horizontal plane (the load plane). The behavior surface is smooth, but its projection on the load plane has the generic singularities of two types: two folds and a cusp (Fig. 3(a) ). A point on the surface represents a state of equilibrium state at a pair of fixed loads. A pair of fixed force and fixed voltage corresponds to a point in the load plane, and a vertical line in the three-dimensional space. The vertical line may intersect the behavior surface at one point or three points. As the force and the voltage change, the vertical line moves. The number of states of equilibrium changes when the vertical line crosses the two folds. Each point in the (P, Φ) plane represents a pair of fixed loads. For a pair of fixed loads falling between the two folds, three states of equilibrium exist. For a pair of fixed loads falling outside the region bounded by the two folds, only one state of equilibrium exists. Equation (4) indicates that, in terms of normalized force and voltage, the folds and the cusp depend on only one material parameter, J lim . We plot the folds and cusp on the load plane for several representative values of J lim (Fig. 3(b) ).
As the two loads change continuously, a continuous sequence of states of equilibrium corresponds to a curve on the behavior surface. However, when the loads reach a fold, the system will snap. The right fold represents the snap-through conditions when we load the membrane, either mechanically or electrically, from a low level of loads to a high level. The left fold represents the snap-through conditions when we unload the membrane from a high level of loads to a low level.
Folds and cusp determine the conditions for bifurcation, and are essential to design loading paths to avoid or harness the snap-through instability. For other two-load systems, we can similarly plot the corresponding behavior surfaces, and determine the fold and cusp from the projection on the load plane. For example, for an inflated spherical dielectric balloon connected to a certain size of chamber, by independently controlling the pressure and the voltage, the bifurcation path can also be designed [Keplinger et al., 2012; Liang and Cai, 2015; Xie et al., 2016] additional parameter, such as the size of the chamber, may strongly influence the folds and cusp [Li et al., 2013; An et al., 2015; Lu et al., 2015] .
Experiment and Discussion
A circular membrane of VHB4905 (3M company) with original radius R = 15 mm and thickness h = 0.5 mm is prepared. We use a mechanism described in Huang to apply the force to the membrane. Eighteen weights uniformly connect to the boundary of the membrane through clips (Fig. 4(a) ). Carbon crease of about 0.05 mm thickness is brushed onto the two sides of the VHB membrane as compliant electrodes. A function generator (RIGOL DG4000) and a high voltage amplifier (TREK 30/20) are used to apply voltage across the thickness of the membrane. The voltage is linearly increased at the rate of 10 V/s. The in-plane expansion of the membrane is recorded by a video camera. We conduct two kinds of experiments: electrical actuation under a constant force, and mechanical pulling under a constant voltage.
In electrical actuation, we fix the force at four levels and record the voltagestretch curves until electrical breakdown occurs. Under small values of constant forces, P = 1.02 N, 1.76 N, the membrane can sustain high voltage before electrical breakdown, but the actuation strain is small (Fig. 4(b) ). Under the force P = 2.65 N, the voltage-induced expansion of the membrane is significant. Soon after the expansion the membrane fails by electrical breakdown. Under the force P = 3.53 N, the membrane undergoes large deformation without snap-through instability, with radial stretch changing from λ pre = 2.4 to λ = 4.7. Localized wrinkles are observed before the electrical breakdown. Figure 4(b) shows good agreement between the theoretical predictions and the experiment. In plotting Eq. (4), we have used the following parameters: the permittivity of VHB4905 is ε = 3.98×10 −11 F/m, the electrical breakdown field is E EB = 200 MV/m, and the limiting stretch is J lim = 120 . In fitting the experimental data the shear modulus is taken as µ = 38 kPa.
In mechanical pulling, we fix the voltage under four levels and record the forcedeformation curve until failure. A special case Φ = 0 corresponds to the purely mechanical equal biaxial tensile test. When the applied voltage is low, for example Φ = 1000 V, the force-deformation curve almost coincides with the purely mechanical case (not shown in Fig. 5 ). Under the voltage Φ = 3200 V, the membrane expands as the force increases and undergoes a fast expansion when the force attains around 4 N. Under the voltage Φ = 3900 V, the membrane ruptures at small deformation by electrical breakdown. Figure 5 shows the comparison between the theoretical predictions and the experiment, where the shear modulus is taken as µ = 36 kPa. The slight difference in the magnitude of shear modulus between the electrical actuation test and the mechanical pulling test is possibly due to the strong viscosity of the VHB membrane Foo and Zhang, 2015] . The viscous effects will affect the fitting shear modulus as well as the instabilities, but in this work we have lumped the viscous effects into a calibrated elastic parameter for simplicity. Comparing the electrical actuation test and the mechanical pulling test, we can find many common features. Under low levels of fixed loads (either mechanical or electrical), the stimuli-deformation curves are monotonic. Under high levels of fixed load, the electromechanical snap-through is observed: either a safe sudden snap with large deformation or an unsafe snap with failure by electrical breakdown. The theory predicts that the electromechanical folds and cusp determine the critical bifurcation conditions. We plot the experimental data of the critical conditions at failure on the load plane (Fig. 6) . The black circular dots are from the electrical actuation test and the red triangle dots are from the mechanical pulling test. All the experimental data lie close to the right fold, validating the theoretical prediction.
We can design a loading path in the load plane to pass over the cusp to avoid snap-through instability. For example, when we first apply a force P = 3.53 N and hold the force at the fixed value, and then apply the voltage, we can achieve a large stretch of actuation (Fig. 4(b) ). In hindsight, we may say that overpassing the cusp is responsible for the initial discovery of the prestretch effect on large actuation made by Pelrine .
In our experiment we have also attempted another loading path as follows. Apply a mechanical force P to a value above the cusp, fix the force and increase the voltage Φ to overpass the cusp, and then fix the voltage and decrease the force to zero. In the final state, by increasing and then decreasing the force back to zero, we hoped to achieve a large deformation only under a voltage. However, limited to the low electrical breakdown strength of the VHB membrane, we did not succeed in observing this large deformation following this special loading path in our experiment. For the same reason, we were unsuccessful to probe the left fold in our experiment.
Conclusion
The electromechanical catastrophe theory can be applied to a system of arbitrary shape, so long as the system is subject to two independent loads. For a system of a few degrees of freedom, the states of equilibrium may be obtained analytically. For a system of many degrees of freedom, the states of equilibrium must be obtained by numerical analyses. As described in Introduction, the singularity theory shows that the bifurcation behavior for any two-load system, however complex, contains two types of singularity: fold and cusp. This paper uses a simple system to illustrate this behavior.
We study a membrane of dielectric elastomer subject to an equal biaxial force and a voltage across the thickness. For such a two-load system, we construct a threedimensional space, with one axis being the stretch, and the other two axes being the electrical and mechanical loads. In the three-dimensional space, a state of equilibrium at fixed loads corresponds to a point on a surface. We project the surface onto the voltage-stretch plane, force-stretch plane, and the force-voltage plane. We find that the behaviors of voltage-induced deformation under a constant force and the force-induced deformation under a constant voltage are similar: under low levels of given loads, either mechanical or electrical, the stimuli-deformation behavior is monotonic and stable. Under high levels of given loads, the behavior becomes non-monotonic and unstable. The projection of the state surface on the load plane determines the critical conditions of bifurcation as two folds and one cusp, which can be used to design loading paths to avoid or harness the electromechanical bifurcation. We conduct two kinds of experiments: electrical actuation under a constant force and mechanical pulling under a constant voltage. Good agreement between the theory and the experiment is obtained both on the deformation history and the determination of folds and cusp.
